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Abstract

We discuss approaches to transduction based on graph cut cost functions.
More specifically, we focus on the normalized cut, which is the cost
function of choice in many clustering applications, notably in image seg-
mentation. Since optimizing the normalized cut cost is an NP-complete
problem, much of the research attention so far has gone to relaxing the
problem of normalized cut clustering to tractable problems, producing so
far a spectral relaxation and a more recently a tighter but computationally
much tougher semi-definite programming (SDP) relaxation. In this pa-
per we deliver two main contributions: first, we show how an alternative
SDP relaxation yields a much more tractable optimization problem, and
we show how scalability and speed can further be increased by making
a principled approximation. Second, we show how it is possible to effi-
ciently optimize the normalized cut cost in a transduction setting using
our newly proposed approaches. Positive empirical results are reported.

1 Introduction

The machine learning paradigm to divide learning algorithms into supervised and unsuper-
vised types of methods is arguably artificial and too limitative. In many practical cases,
label information is expensive and scarce. On the other hand while unlabeled data may
be available or easier to obtain, the same data can often be clustered in different plausible
ways, each of which is probably more appropriate for a different task. For this reason, it
is meaningless to seek a general purpose similarity measure or clustering algorithm in the
completely unsupervised case.

Therefore, much recent research has focused on the very practical scenario of partially
labeled data sets, in a setting sometimes called transduction, interpolating between super-
vised and unsupervised learning.

One class of approaches makes use of traditional clustering or classification methods, but
uses the labels to learn a metric in which the data clusters better ([1, 2, 3, 4] and more).

Another class of approaches doesn’t change the metric, but optimizes some classical clus-
tering cost function over all possible labelings of the data compatible with the available
training labels ([5, 6, 7] and more). While conceptually this approach seems more natural,
the exponential number of possible label assignments for the unlabeled part of the data set,
makes good heuristics or approximation techniques indispensable.



In this paper, we will pursue this second line of research. As first investigated in [7] in the
context of SVM-transduction, SDP promises to be an important tool to relax the combina-
torial problem associated with transduction settings. Here we will zoom in on a different
cost function, namely the normalized cut cost associated with a similarity matrix of the
samples, and study how a new tight SDP relaxation of the associated optimization problem
can be tractably solved in the transduction setting.

1.1 Cut, average cut and normalized cut cost functions

The problem setting we consider is the following. Given is a sampleS of sizen, con-
sisting of a (labeled)training setSt and an (unlabeled)working setSw of sizent andnw

respectively. Between every pair of samples(xi,xj), an affinity measureaij = a(xi,xj)
is given, such that we are able to make an affinity matrixA containingaij as itsith row
andjth column. We assume the functiona is symmetric and positive, however, no posi-
tive definiteness ofA will be necessary, making the application domain larger than that of
kernel based methods as discussed in e.g. [2, 7].

In this setting, the problem of transduction can be approached as a constrained graph cut
problem on a fully connected graph, where the nodes in the graph represent the samples,
and the edges between them are assigned weights equal to the affinities, and the constraints
specify that training samples with the same label can not be separated by the cut. Several
graph cut cost functions have been proposed in literature in the context of clustering, among
which thecut cost, theaverage cut cost (ACut)and thenormalized cut cost (NCut)[8].

The Cut cost is computationally the easiest to handle in a transduction setting [9], however
as clearly motivated in [5], it often leads to degenerate results. This problem could largely
be solved by using the ACut or NCut cost functions, of which the ACut cost seems to be
more vulnerable to outliers (distant samples, meaning that they have low affinity to the rest
of the sample). However, both optimizing the ACut and NCut costs are NP-complete prob-
lems. To get around this,spectralrelaxations of the ACut and NCut optimization problems
have been proposed in a clustering [8, 10, 11] and more recently also in a transduction
setting [12, 5, 13]. A recent paper [14] also proposes an interesting SDP relaxation for
the NCut in a multiclassclusteringsetting, however, the computational cost to solve this
relaxation turns out to be too high to cluster data sets of more than about 150 samples, and
hence impractical in real situations.

1.2 Outline of the paper

To put the paper in the right context, in section 3 we provide a short derivation of the well-
knownspectralrelaxation of the NCut optimization problem, as well as of an (impractical)
SDPrelaxation that is similar to but different from the one obtained in [14] forclustering.

In section 4, we develop a practically viable SDP-based transduction algorithm that scales
up to real size problems, the main goal in this paper. To achieve this, we make three new
contributions. First, we propose a novel SDP relaxation of the NCut optimization problem
that is computationally much more tractable than the one proposed in [14]. Second, we
show how this relaxation can efficiently deal with label information to operate in atrans-
ductionsetting. Third, we show how thisSDPrelaxation can be approximated using the
(looser)spectralrelaxation, to scale up even further. With the resulting algorithm, one can
scale up to thousands of samples. We conclude the paper with empirical results in section
5, clearly showing the scalability and accuracy of the method.

Notation. Scalars are standard lower case; vectors bold face lower case; matrices bold
face upper case; sets calligraphic upper case. The identity matrix is represented byI; 0 is
a matrix or vector containing all zeros; the vector containing all ones ise. A transpose is′.



2 NCut transduction

The NCut cost function for a partitioning of the sampleS into a positiveP and a negative
N set is given by (as originally denoted in [8]):

cut(P,N )
assoc(P,S)

+
cut(N ,P)

assoc(N ,S)
=

(
1

assoc(P,S)
+

1
assoc(N ,S)

)
· cut(P,N ), (1)

where cut(P,N ) = cut(N ,P) =
∑

i:xi∈P,j:xj∈N aij is the cut between setsP andN ,
and assoc(P,S) =

∑
i:xi∈P,j:xj∈S aij the association between setsP and the full sample

S. (Note that in fact cut(P,N ) = assoc(P,N ).) We do not discuss here its statistical
properties, which would be interesting to investigate in a separate paper. Intuitively how-
ever, it is clear that the second factor cut(P,N ) defines how well the two clusters separate.

The first factor
(

1
assoc(P,S) + 1

assoc(N ,S)

)
measures how well the clusters are balanced.

This specific measure of balancedness can be seen to be relatively insensitive to distant
samples:1 such outliers have a small cut cost with the other samples, making it beneficial
to separate them out into a cluster of their own, which would lead to a useless result in our
2-class setting. However, they also have a small association with the rest of the sampleS,
which on the other hand increases the cost function. In other words, the NCut cost function
promotes partitions that are balanced in the sense that both clusters are roughly equally
‘coherent’ It is this feature that makes it preferable over the ACut cost function.

To optimize this cost function, we reformulate it into algebraic terms using the unknown
label vectory ∈ {−1, 1}n, the affinity matrixA, the degree vectord = Ae and associated
matrixD = diag(d), and shorthand notationss+ = assoc(P,S) ands− = assoc(N ,S).

Observe that cut(P,N ) = (e+y)′

2 A (e−y)′

2 = 1
4 (−y′Ay + e′Ae) = 1

4y
′(D − A)y.

Furthermore,s+ = assoc(P,S) = 1
2e
′A(e + y) = 1

2d
′(e + y) ands− = 1

2d
′(e − y).

Then we can write the combinatorial optimization problem as

min
y,s+,s−

1
4

(
1
s+

+
1
s−

)
· y′(D−A)y (2)

s.t. y ∈ {−1, 1}n,{
s+ = 1

2d
′(e + y)

s− = 1
2d

′(e− y) ⇔
{

d′y = s+ − s−
d′e = s+ + s−

Minimizing this cost function with respect to additional constraints on the labelsy as spec-
ified by the training labels is equivalent to performing transduction with this cost function.

3 A spectral and a first SDP relaxation of NCut clustering

A spectral relaxation. We now provide a short derivation of the NCutspectralrelaxation

as first given in [8]. We introduce the variablẽy = 1
2

(
y − e s+−s−

s++s−

)
·
√

1
s+

+ 1
s−

and

rewrite the optimization problem in terms of this variable,s+ ands−:

min
ỹ,s+,s−

ỹ′(D−A)ỹ

s.t. ỹ ∈
{
−

√
s+
s−

√
1

s++s−
,
√

s−
s+

√
1

s++s−

}n

,

d′ỹ = 0 and d′e = s+ + s−.

(3)

1This property seems even more important in the relaxations of NCut based methods: the variables
then have even more freedom, often making the methods more vulnerable to outliers.



Now, observe that theD weighted 2-norm of̃y is constant here, and equal toỹ′Dỹ = 1.
The spectral relaxation is obtained by relaxing the combinatorial constraint onỹ to this
norm constraint that is implied by it. The result is

Spectral :
{

min
ỹ

ỹ′(D−A)ỹ
s.t. ỹ′Dỹ = 1 and d′ỹ = 0,

(4)

which can be solved by taking the eigenvector corresponding to the second smallest gener-
alized eigenvalue of(D−A)ỹ = λDỹ.

Recently, several methods have been proposed to use spectral clustering relaxations of
graph cut problems in a transduction setting [12, 5, 13]. In this paper we will later on make
use of method proposed in [13] by one of us.

An SDP relaxation. Starting from (3), and using a matrix̃Γ = ỹỹ′, we will now show
how a (tighter but more expensive)SDPrelaxation can be obtained. First rewrite (3) as:

min
Γ̃,s+,s−

〈Γ̃,D−A〉
s.t. Γ̃ = ỹỹ′ with ỹ ∈

{
−

√
s+
s−

√
1

s++s−
,
√

s−
s+

√
1

s++s−

}n

,

Γ̃d = 0 and d′e = s+ + s−.

(5)

The pair of constraints (5) oñy are the hard ones. So we will relax it, by finding a constraint
set that is convex while as tight as possible. By inspection, we see that forỹ satisfying (5):
Γ̃ º 0 andΓ̃ ≥ − 1

s++s−
. Furthermore, theD-norm constraint we used in the spectral

clustering relaxation translates here into〈Γ̃,D〉 = 1. A last constraint that is slightly more

difficult to observe is thatI º D1/2
(
Γ + ee′

s++s−

)
D1/2 (to see this, note that given (5),

the matrix on the right hand side is of rank2 with two eigenvalues equal to1). As a result
we get the relaxed problem (P stands for primal, the dualD is stated without derivation):

Pclust
SDP1 :





min
Γ̃

〈Γ̃,D−A〉
s.t. D− ee′

s++s−
º Γ̃,

Γ̃ º 0,

Γ̃ ≥ − ee′
s++s−

Γ̃e = 0
〈Γ̃,D〉 = 1

Dclust
SDP1 :





min
Λ1,Λ2,λ,µ

〈Λ1,
ee′

s++s−
〉 − 〈Λ2,D〉

− n
s++s−

e′λ

+µ
(
〈 ee′

s++s−
,D〉+ 1

)

s.t. Λ1 º 0
Λ2 º 0
(D−A)−Λ1 + Λ2

−µD− e′λ ≥ 0.

(We want to point out that a very similar result was obtained in [14].) As an SDP problem,
it can be solved in polynomial time. However, the time and space complexity are still
prohibitively large, making these results impractical. This is due to the two large SDP
constraints and then2 inequality constraints on the elements ofΓ̃.

The label constraints —for this method to work in a transduction setting— could be im-
posed oñΓ directly: its entries̃Γi,j with xi,xj ∈ Pt can be constrained to be equal to each
other, and similarly for the entries̃Γi,j with xi,xj ∈ Nt. However it is not clear for this
relaxation how to impose constraints reflecting the fact that two samples are from the op-
posite class. We will not investigate this further here however, because the basic clustering
problem is already intractable in most practical cases.

4 Two tractable SDP relaxations for NCut transduction

We have derived the well-known spectral relaxation as well as a first SDP relaxation of
NCut clustering. We will now present an alternative way to relax the NCut optimization



problem and show how it can be effectively used in the transduction setting. While this
approach will lead to a computationally much more tractable optimization problem already,
we will also show how the method can be sped up even further by performing a principled
approximation, ultimately leading to a method that easily handles thousands of samples,
which is the goal of this paper.

4.1 A first practically useful SDP relaxation

The approach taken here starts from formulation (2). We introduce the notationΓ = yy′.
Then, we can write the equivalent optimization problem:

minΓ,s+,s−
1
4

(
1

s+
+ 1

s−

)
〈Γ,D−A〉 = s++s−

4s+s−
〈Γ,D−A〉

s.t. Γ = yy′ and y ∈ {−1, 1}n,
〈Γ,dd′〉 = (s+ − s−)2 = (s+ + s−)2 − 4s+s− and d′e = s+ + s−.

(6)

Now we can relax the combinatorial constraint by replacing it withΓ º 0 and diag(Γ) = e
(while this is a tight relaxation, tighter relaxations are possible at higher computational
cost, see [15]). If we further use the notationp = 4s+s−, and the shorthand notation
s = s+ + s− = d′e, we get:

minΓ,p
s
p 〈Γ,D−A〉

s.t. Γ º 0 and diag(Γ) = e,
〈Γ,dd′〉 = s2 − p and 0 < p ≤ s2.

By once again reparameterizing witĥΓ = Γ
p andq = 1/p, we obtain an SDP problem as

shown below (P) along with its dual (D) (without derivation due to space constraints):

Pclust
SDP2 :





min
Γ̂,q

s〈Γ̂,D−A〉
s.t. Γ̂ º 0,

diag(Γ̂) = qe,

〈Γ̂,dd′〉 = qs2 − 1,
q ≥ 1

s2 .

Dclust
SDP2 :





maxλ,µ
1
s2 e′λ,

s.t. s(D−A)− diag(λ),
−µdd′ º 0,

µs2 + e′λ ≥ 0.

Importantly, this relaxation contains much less constraints thanPSDP1. Furthermore, the
dual contains onlyn + 1 variables. It is this difference that makes this relaxation much
more efficiently solvable, for example by using self-dual SDP solvers like SeDuMi [16].

To impose label constraints for the transductive version, we define the label constraint

matrixL =
(

yt 0
0 I

)
, where we assume without loss of generality that the samples are

ordered such that the training samples precede the unlabeled samples.yt is a column vector
containing the training labels. Then the label constraints can be imposed by observing that
any validΓ̂ must satisfŷΓ = LΓ̂cL′. Thus the transductive NCut relaxation becomes:

Ptrans
SDP2 :





min
Γ̂c,q

s〈Γ̂c,L′(D−A)L〉
s.t. Γ̂c º 0,

diag(Γ̂c) = qe,

〈Γ̂c,L′dd′L〉
= qs2 − 1,

q ≥ 1
s2 .

Dtrans
SDP2 :





maxλ,µ
1
s2 e′λ,

s.t. sL′(D−A)L
−diag(λ)
−µL′dd′L º 0,

µs2 + e′λ ≥ 0,

which is computationally even easier to solve. (Note that we can handle more general label
constraints as in [13], by using the appropriate matrixL.) This is the first main result of
this paper.



It turns out for smallnt/n —and in particular for the unsupervised case— that the problem
is often badly conditioned. To solve this, the original objective (2) can be slightly altered

by replacing the factor
(

1
s+

+ 1
s−

)
with

(
1

s+−εs + 1
s−−εs

)
. This will give rise to solutions

that are slightly more biased towards balanced partitionings. The primal and dual formu-
lations above can be changed according to this modification by simply multiplyings by
1 − 2ε. In practice,ε = 0.1 seems to suffice, corresponding to disallowing partitions with
one ofs+ ands− smaller than0.1s, thus having a minor effect on the quality of the result.

Note that the methods thus obtained are fully automatic and require no parameter-tuning
whatsoever. In conclusion, this approach is very suitable for transduction, and easily allows
to handle data sets containing more than500 unlabeled samples and a much more labeled
samples on a 2GHz pentium computer with 0.5Gb RAM. For larger data sets further ap-
proximations will have to be made. This is the subject of the following subsection.

4.2 A fast approximation

In practice, if we assume the sample is drawn randomly from the population, we can esti-
mate the imbalance parameterq from the training data ifnt is large enough. Then, we can
fix q or equivalentlys+ − s− in (3) to its estimate. (Of course, one could also try several
values for the imbalance, thus essentially performing a line search for this one parameter.)

If we do this, we can make the following approximation. Assuming that the spectral trans-
duction method performs well, we know that the label vector will be close to the space
spanned by the eigenvectors corresponding to thed smallest eigenvalues, stored in the
columns of the matrixV ∈ <n×d. Then, we can approximateΓ in (6) by Γ ≈ VMV′.
Without derivational details, we state the thus obtained approximated SDP relaxation:

PSDP3 :





maxM 〈M,V′AV〉
s.t. M º 0,

diag(VMV′) ≤ e,
〈M,V′dd′V〉
≤ (s+ − s−)2.

DSDP3 :





minλ,µ
e′λ + (s+ − s−)2µ

s.t. V′AV −V′diag(λ)V
−µV′dd′V ¹ 0,

λ ≥ 0,
µ ≥ 0.

Depending on whether the matrixV is obtained using a standard or using a transductive
spectral relaxation of NCut as in [13], this allows to do approximate NCut clustering or
transduction respectively. Note that the number of primal variables as well as the size of
the primal and dual constraints can be drastically reduced by takingd small enough. We
will see that this is often possible in practice. Using this formulation, data sets of several
thousands of samples can be dealt with. This is the second main result of the paper.

5 Empirical results

All SDP optimization problems are implemented using SeDuMi [16]. The algorithms de-
scribed here compute a good label matrixΓ. To find an approximate label vectory from Γ
one can use several techniques, including thresholding its dominant eigenvector, or simply
picking a column corresponding to one of the training samples (which is what we will do
in this paper). Other techniques are described in literature [15].

First experiment. We show empirical experiments on a data set extracted from the Swiss
constitution, available in English, French, German and Italian. The data set contains195
articles per language (son = 780), which are organized in so-called Titles. The affinity
matrix used here is the bag of words kernel after stop word removal and stemming. More
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Figure 1: The left picture (a) shows the average working set error over 10 randomizations
for the two Swiss constitution experiments. MethodP/DSDP2 was used. Clearly, the larger
the training set sizent, the better the performance. In the right picture (b), methodP/DSDP3

was used on the USPS test set, classifying the digits up to 4 in one class, the other 5 digits
in the other class. This transduction task was carried out for3 different amounts of labeled
samplesnt, respectively1% (dashed),5% (full) and20% (dash-dotted) of the total sample
sizen. The picture shows average ROC-scores on the working set, as a function of the
dimensionalityd used in the approximation. For comparison, the fainter straight horizontal
lines give the average scores obtained by the method described in [12].

info can be found in [17]. To demonstrate the ability of the system to exploit partial label
information, we try two different partitions: first, all English plus French articles are classi-
fied versus all German plus Italian articles; second, all articles in the largest of the 7 Titles,
versus all other articles, no matter what language (note: the size of the Title is not directly
reflected in the articles themselves). Figure (1a) shows the error rates for both problems
for increasingnt with fixed n, showing that label information is effectively exploited to
find the right bipartitioning of the data. Obviously, more natural splits should require less
labels. Indeed, as one could expect, a smallnt already gives a good performance for the
language partition, while the partitioning by Title needs much more label information.

Second experiment. Here we use the test set of the USPS data set: the positive class
contains all digits from 0 through 4, the negative class contains the other digits. Since
the number of samples in this data set (n = 2007) is too large for the unapproximated
relaxation to be practically solvable, we resort to the approximated methodP/DSDP3. The
ROC-score as a function of the dimensionalityd is shown in figure (1b), and this for three
different sizesnt of the training set. A 20-nearest neighbor affinity matrix is used (with
nearest in the Euclidian sense). For comparison, the performance of the method described
in [12], shown by the authors to operate well on nearest neighbor affinity matrices, is shown
as well. From the figure, we can conclude that generally a better performance is achieved
for largernt andd. Furthermore, for smallnt the method performs significantly better than
the approach proposed in [12]. For largernt, the performance seems to be slightly worse.

6 Conclusions and further work

We addressed the use of the NCut cost function in the transduction framework. Whereas
this cost function empirically leads to good results in clustering applications, unfortunately
optimizing it is NP-complete. Therefore, the two main results in this paper try to solve this
computational problem: an efficiently solvable SDP relaxation, and an approximation to
speed it up even further. Both approaches are shown to deal with label information in a
natural way. Positive empirical results show the validity of the approach.



Further work includes further experimentation to empirically validate the method. The sta-
tistical study of the NCut cost function remains an interesting open research topic. Another
interesting question is if there are other good (or better) ways to efficiently find a goodV.
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